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ON Q-CONIC BUNDLES, III
SHIGEFUMI MORI AND YURI PROKHOROV
To the memory of the late Professor Masayoshi Nagata
Abstract. A Q-conic bundle germ is a proper morphism from
a threefold with only terminal singularities to the germ (Z ∋ o)
of a normal surface such that fibers are connected and the anti-
canonical divisor is relatively ample. Building upon our previous
paper [MP08a], we prove the existence of a Du Val anti-canonical
member under the assumption that the central fiber is irreducible.
1. Introduction
The present paper is a continuation of a series of papers [MP08a],
[MP08b].
Recall that a Q-conic bundle is a projective morphism f : X → Z
from an (algebraic or analytic) threefold with terminal singularities to
a surface that satisfies the following properties:
(i) f∗OX = OZ and all fibers are one-dimensional,
(ii) −KX is f -ample.
For f : X → Z as above and for a point o ∈ Z, we call the analytic
germ (X, f−1(o)red) a Q-conic bundle germ.
Out main result is the following
Theorem 1.1 (cf. [KM92, (2.2)]). Let f : (X,C ≃ P1) → (Z, o) be a
Q-conic bundle germ with smooth base surface Z. Assume that f is
of type (IC), (IIB), (IA)+(IA), or (IA)+(IA)+(III). Then a general
member EX of | − KX | and EZ := SpecZ f∗OEX have only Du Val
singularities. To be more explicit, the minimal resolutions of EZ and
EX coincide. We have the the following possibilities depending on the
type of (X,C) (below, o′ ∈ EZ is the image of C):
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Case 1.1.1 ((IC), [KM92, (2.2.2)]). (EZ , o
′) is Dm and ∆(EZ , o
′) is
◦
|
◦ − · · · − ◦︸ ︷︷ ︸
m−3
− ◦ − •,
where m, the index of the (IC) point of C, is odd and m ≥ 5.
Case 1.1.2 ((IIB), [KM92, (2.2.2′)]). (EZ , o
′) is E6 and ∆(EZ , o
′) is
◦
|
◦ − ◦− ◦ − ◦ − •.
Case 1.1.3 ((IA)+(IA), [KM92, (2.2.3)], [Mor07]). The two (IA)
points are an ordinary point of odd index m ≥ 3 and an index 2 point
of type cA/2, cAx/2 or cD/2 with axial multiplicity k such that k ≥ 2
if m = 3. (EZ , o
′) is D2k+m, SingEX is Am−1 +D2k (Am−1 +A1 + A1
if k = 1) and ∆(EZ , o
′) is
◦
|
◦ − · · · − ◦︸ ︷︷ ︸
m−1
− • − ◦ − · · ·− ◦ − ◦
.
Case 1.1.4 ((IA)+(IA)+(III), [KM92, (2.2.3′)]). The two (IA) points
are both ordinary and of indices 2 and m (odd, ≥ 3). (EZ , o′) is Dm+2
(m ≥ 3) or E6 (m = 3). The graph ∆(EZ , o
′) is
◦
|
◦ − · · · − ◦︸ ︷︷ ︸
m−1
− • − ◦
(m ≥ 3), or
◦
|
◦ − ◦− • − ◦ − ◦
(m = 3).
Above, we use the usual notation of graphs ∆(EZ , o
′): • corresponds
to the curve C and each ◦ corresponds to a (−2)-curve on the minimal
resolution of EX .
Remark 1.2. The following are the classifications of Q-conic bundles
over a smooth base [MP08a]:
(i) ∅, (III), (III)+(III),
(ii) (IA), (IA)+(III), (IA)+(III)+(III),
(iii) (IIA), (IIA)+(III),
(iv) (IC), (IIB),
(v) (IA)+(IA) of indices 2 and odd m (≥ 3),
(vi) (IA)+(IA)+(III) of indices 2, odd m (≥ 3) and 1.
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We recall that in the cases (ii) and (iii) (the case (i) is trivial) a
general member EX ∈ | − KX | does not contain C and has only Du
Val singularity at EX ∩C [MP08a, (1.3.7)]. Cases (iv)-(vi) are treated
in this paper. In the case of singular base, the existence of a Du Val
member EX ∈ | − KX | follows from [MP08a, (1.3.7)]. Thus we have
the following
Corollary 1.3 (Reid’s general elephant conjecture). Let f : (X,C ≃
P1) → (Z, o) be a Q-conic bundle germ. Then a general member EX
of | −KX | has only Du Val singularities.
The techniques used in this paper is very similar to that in [KM92,
§2]. The main difference is that for the conic bundle case we have no
vanishing of H1(X,ωX) which was used in [KM92, (2.5)] to extend
sections from D ∈ | − 2KX |. Instead of vanishing we use Proposition
2.1 and Corollary 2.2.
2. Preliminaries
Proposition 2.1 (cf. [KM92, (2.5)]). Let f : (X,C) → (Z, o) be a
Q-conic bundle germ with smooth base surface Z. Let D ∈ | − nKX |
for some integer n > 0 such that the restriction g = fD : D → Z is
finite. The standard exact sequence
0→ ωX → ωX(D)→ ωD → 0
induces the exact sequence
f∗ωX(D)
α
→ g∗ωD
TrD/Z
−→ ωZ ,
where ωZ ≃ R1f∗ωX by [MP08a, Lemma (4.1)], and the natural map
g∗ : ωZ → g∗ωD has the property TrD/Z ◦g
∗ = 2n idωZ .
Proof. In view of the relative duality, this follows from the fact that
OZ −→ g∗OD
TrZ/D
−→ OZ is the multiplication by deg(D/Z) = 2n. 
Corollary 2.2. The homomorphism induced by Proposition 2.1
f∗ωX(D)→ (g∗ωD)/ωZ
is surjective.
Notation 2.3. Everywhere below
f : (X,C)→ (Z, o)
denotes a Q-conic bundle germ. We assume that the curve C is ir-
reducible (and so C ≃ P1) and the base surface (Z, o) is smooth.
Notation and techniques of [Mor88] will be used freely. Additionally,
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(c +
∑
diP
♯
i ) denotes the element of Cl
sc(X) ≃ Picℓ(X) ≃ QL(C)
corresponding to c+
∑
diP
♯
i ∈ QL(C) (see [KM92, (2.7)]).
The symbol ∆(EZ , o
′) at the end of Theorem 1.1 is extended as
follows. Let E be a normal surface and C ⊂ E a curve such that
the proper transform C˜ of C and the exceptional divisors Γi on the
minimal resolution of E form a simple normal crossing divisor. The
graph ∆(E,C) is the dual graph of the divisor C˜ +
∑
Γi, where each
component of C˜ is drawn • and each Γi is drawn ◦, and if no weight
is specified we mean that the corresponding Γi is a (−2)-curve. We
note that ∆(EZ , o
′) = ∆(EX , C).
Remark 2.4. As explained in [Mor88, §1b] and [MP08a, §6], any local
deformation near points Pi ∈ (X,C) on Q-conic bundle germ (X,C)
can be extended to a global deformation (Xλ, Cλ). A general element
(Xλ, Cλ) of the family can be either an extremal neighborhood or again
a Q-conic bundle germ. In some cases this allows us to obtain certain
restrictions on the possible configurations of singular points. We will
use these arguments several times below.
3. Case of (IC)
3.1 (Cf. [KM92, (2.10)]). Let P be the (IC) point of index m and
(y1, y2, y4)/µm(2, m− 2, 1)
be coordinates for the canonical cover P ♯ ∈ C♯ ⊂ X♯ given in [Mor88,
(A.3)] so that C♯ is parametrized by (t2, tm−2, 0). In this case, P is
the only singular point of X on C [MP08a, (8.2)]. Since ym−21 − y
2
2
and y4 generate the defining ideal of C
♯, they form an ℓ-free ℓ-basis of
gr1C OX . It is easy to see that Ω = dy1 ∧ dy2 ∧ dy4 is an ℓ-free ℓ-basis
of gr0C ωX . Then qlC(ωX) = −P
♯ and D = {y1 = 0}/µm ∈ | − 2KX |
by (D · C) = 2/m. By
qlC(gr
0
C(ω
∗)) = qlC(ω
∗) = − qlC(ω) = P
♯,
one has
deg(gr0C(ω
∗)) = TL(P ♯) = −U(−1) = −1
(see [Mor88, (8.9.1)(iii)]), where
U(x) = min{z ∈ Z | mz − x ∈ 2Z+ + (m− 2)Z+}
[Mor88, (2.8)]. Thus
gr0C(ω
∗) = ω∗/F 1C(ω
∗) ≃ OC(−1)
and H0(OX(−KX)) = H0(F 1C(ω
∗)). Hence a general section s ∈
H0(OX(−KX)) is written as (λ · y4+µ · (y
m−2
1 − y
2
2))/Ω near P , where
4
λ ∈ OX and µ ∈ OX♯ with wtµ ≡ 5 mod (m). Now apply Corollary
2.2 with n = 2. We have ωD ≃ OD(−KX), and
(3.1.1) g∗ωZ ⊂ ∧
2
OD
(
dym2 , dy2y
2
4, dy
(m+1)/2
2 y4, dy
m
4
)
⊂
OD
(
y
(3m−1)/2
2 , y
m
2 y4, y
(m+1)/2
2 y
2
4, y
m−1
2 y
m−1
4 , y
(m−1)/2
2 y
m
4 , y
m+1
4
)
dy2∧dy4.
Since y4dy2 ∧ dy4 corresponds to y4/Ω, we have λ(0) 6= 0. Hence s
induces a section s of gr1C(ω
∗) = F 1C(ω
∗)/F 2C(ω
∗) and s is a part of an
ℓ-free ℓ-basis of gr1C(ω
∗) at P . This induces an ℓ-exact sequence
(3.1.2) 0→ (a)→ gr1C(ω
∗)→ (b+ 5P ♯)→ 0,
where a, b ∈ Z, a ≥ 0. This is because y4/Ω and (y
m−2
1 − y
2
2)/Ω
have weights ≡ 0 and m − 5 mod (m), respectively. We claim an
ℓ-isomorphism
(3.1.3) gr1C O ≃ (4P
♯) ⊕˜ (−1 + (m− 1)P ♯).
First recall that m is odd and m ≥ 5 since P is an (IC) point. By
(3.1.2) ⊗˜ gr0C ω, there is an ℓ-exact sequence
(3.1.4) 0→ ((a− 1) + (m− 1)P ♯)→ gr1C O → (b+ 4P
♯)→ 0.
It follows from iP (1) = 2 [Mor88, (6.5)] that deg gr
1
C O = −1. By
deg((a− 1) + (m− 1)P ♯) = a− 1
and deg(b + 4P ♯) = b [Mor88, (8.9.1)(iii)], we have a + b = 0. Hence
from
qlC((a− 1) + (m− 1)P
♯ − (b+ 4P ♯)) =
= qlC(2a− 1 + (m− 5)P
♯) = 2a− 1 ≥ −1,
we see that (3.1.4) is ℓ-split by [KM92, (2.6)]. Since H1(C, gr1C O) = 0
by [MP08a, Corollary (2.3.1)], we have b ≥ −1 and hence (a, b) =
(0, 0) or (1,−1). Whence (3.1.3) follows if (a, b) = (0, 0) or m = 5.
Assuming (a, b) = (1,−1) and m ≥ 7, we will derive a contradiction.
Now (3.1.2) ⊗˜ ω⊗˜2X gives us an ℓ-exact sequence
0→ (−1 + (m− 2)P ♯)→ gr1C ω → (−1 + 3P
♯)→ 0.
Since SpecOX/I
(2)
C 6⊃ f
−1(o), by [MP08a, Theorem (4.4)] we have
H1(C, gr1C ω) = 0. Whence,
−1 ≤ deg(−1 + 3P ♯) = TL(−1 + 3P ♯) = −2.
This is a contradiction and (3.1.3) is proved. Thus,
(3.1.5) gr1C(ω
∗) = (5P ♯) ⊕˜ (0).
We claim that s is a nowhere vanishing section of the locally free
sheaf gr1C(ω
∗) ≃ ω∗ ⊗˜ gr1C O . In case m ≥ 7, there is a splitting
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gr1C(ω
∗) ≃ OC ⊕ OC or OC ⊕ OC(−1) by (3.1.5) and s(P ) 6= 0 ∈
gr1C(ω
∗)⊗ C(P ) whence s is nowhere vanishing. In case m = 5, there
is a splitting gr1C(ω
∗) ≃ OC ⊕ OC(1) and
s(P ) =
(
λ(0) · y4 + µ(0) · (y
m−2
1 − y
2
2)
)
/Ω ∈ gr1C(ω
∗)⊗ C(P )
is a general element because λ(0) and µ(0) can be chosen ar-
bitrary by Corollary 2.2 and by (3.1.1). Indeed, note that
y4dy2 ∧ dy4 and y
2
2dy2 ∧ dy4 are linearly independent modulo
∧2OD(dym2 , dy2y
2
4, dy
m+1
2
2 y4, dy
m
4 ). Thus s is nowhere vanishing and
the claim is proved. We study EX = {s = 0} ∈ | − KX |. Since
s is a nowhere vanishing section of gr1C(ω
∗) ≃ ω∗ ⊗˜ gr1C O , EX is
smooth on C \ {P}. The canonical cover EX♯ at P is defined by
y4+ y2(· · · ) + y1(· · · ) = 0. Therefore (EX , P ) = (y1, y2)/µm(2, m− 2)
has only Du Val singularities, whence so is EZ by (KX · C) = 0.
For the precise result, we express (EX , P ) = (x1, x2, x3; x1x2 = x
m
3 ),
where x1 = y
m
1 , x2 = y
m
2 and x3 = y1y2. The curve C is the image of
C♯, the locus of (t2, tm−2), where C is the locus of (s2, sm−2, s) in this
embedding of (EX , P ), where s = t
m. Then it is easy to check
Computation 3.2 (see [KM92, (2.10.5)]). Let (E, P ) be an Am−1-
singularity :
(E, P ) = (x1, x2, x3; x1x2 = x
m
3 ),
and C the locus of (s2, sm−2, s). Then ∆(E,C) is as in 1.1.1.
Thus the proof of Theorem 1.1 is completed in the case (IC). 
4. Case of (IIB)
4.1 (Cf. [KM92, (2.11)]). Let P ∈ (X,C) be of type (IIB). Then
(X,P ) ≃ (y1, y2, y3, y4;φ)/µ4(3, 2, 1, 1; 2)
with C♯ the locus of (t3, t2, 0, 0) [Mor88, (A.3)], where
φ = y21 − y
3
2 + ψ
and ψ ∈ (y3, y4) satisfies wtψ ≡ 2 mod (4) and ψ(0, 0, y3, y4) /∈
(y3, y4)
3. The last condition comes from the classification of termi-
nal singularities [Rei87, (6.1)(2)]. In this case, P is the only singular
point of X on C [Mor88, (B.1)]. Since y3 and y4 generate the defining
ideal of C♯, they form an ℓ-free ℓ-basis of gr1C OX . By residue,
Ω = Res
dy1 ∧ dy2 ∧ dy3 ∧ dy4
φ
=
dy2 ∧ dy3 ∧ dy4
∂φ/∂y1
is an ℓ-free ℓ-basis of gr0C ωX with wtΩ ≡ 1 mod (4).
Lemma 4.2 (cf. [KM92, (2.11), p. 549]). iP (1) = 2.
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Proof. Using the parametrization (t3, t2, 0, 0) of C♯ and ℓ-free ℓ-basis
(y3, y4) of gr
1
C OX , we see the following on C
♯ ⊂ X♯.
gr0C ω |C˜ = OC˜t
3Ω |C˜
= OC˜tdt ∧ dy3 ∧ dy4,
∧2(gr1C O)⊗ Ω
1
C |C˜ = OC˜(t
3y3) ∧ (t3y4)⊗ d(t4)
= OC˜t
9y3 ∧ y4 ⊗ dt.
Thus (cf. [Mor88, (2.2)])
∧2(gr1C O)⊗ Ω
1
C = t
8 gr0C ω.
Hence iP (1) = 2 as claimed because t
4 is a coordinate of C at P . 
By [MP08a, (4.4.3)] we have deg gr0C ω = −1. Then using [MP08a,
(3.1.2)] we obtain deg gr1C O = −1. Thus we see gr
0
C ω ≃ (−1 + 3P
♯)
and gr1C O ≃ (3P
♯) ⊕˜ (−1 + 3P ♯) with ℓ-structures using their ℓ-free
ℓ-bases at P above. Let D = {y2 = 0}/µ4. Then D ∈ | − 2KX | by
(D · C) = 1/2. By
qlC(gr
0
C(ω
∗)) = qlC(ω
∗) = − qlC(ω) = P
♯,
one has
deg(gr0C(ω
∗)) = TL(P ♯) = −U(−1) = −1
because
U(x) = min{z ∈ Z | 4z − x ∈ 2Z+ + 3Z+}
[Mor88, (8.9.1)(iii)]. Thus gr0C(ω
∗) ≃ OC(−1) and a general section
s ∈ H0(OX(−KX)) vanishes along C, i.e. s ∈ H0(F 1C(ω
∗)). Hence
s = (λ · y3 + µ · y4)/Ω for some λ and µ ∈ OX . We see that λ(0) and
µ(0) ∈ C are general by Corollary 2.2 (cf. [KM92, (2.5)]). Indeed, in
Corollary 2.2 with n = 2, we have ωD ≃ OD(−KX) with
yjdy3 ∧ dy4
y1 + (· · · )
∣∣∣∣
D♯
Res
←→
yj
Ω
, j = 3, 4.
In view of
g∗ωZ ⊂ ∧
2
OD
(
dy41, dy
4
3, dy
4
4, dy1y3, dy1y4, dy
3
3y4, dy
2
3y
2
4, dy3y
3
4)
one easily sees that g∗ωZ ⊂ OD♯(y1, y3, y4)
2/Ω, and y3/Ω and y4/Ω are
independent mod g∗ωZ .
We study EX = {s = 0} ∈ |−KX |. We see that s induces a section
s of
gr1C(ω
∗) ≃ (gr0C ω)
⊗˜(−1) ⊗˜ gr1C O ≃ (0) ⊕˜ (1)
such that s(P ) is general in gr1C(ω
∗)⊗C(P ). Thus s is nowhere vanish-
ing, whence EX ⊃ C and EX is smooth on C\{P}. Eliminating y4, we
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see (EX , P ) ≃ (y1, y2, y3;φ)/µ4(3, 2, 1) with C the locus of (t
3, t2, 0),
where
φ = (y21 − y
3
2) + y3(cy3 + · · · ) ∈ C{y1, y2, y3}
for some c ∈ C∗ by independence of λ(0) and µ(0). We claim that we
may take
(4.2.1) φ = y21 − y
3
2 + y
2
3
modulo multiplication by units and µm-automorphisms fixing C.
First by Weierstrass preparation Theorem, we may assume φ =
y21+α(y2, y3)y1+β(y2, y3) with wtα ≡ 3 and wt β ≡ 2 mod (4). Since
φ(t3, t2, 0) = 0, we see α ≡ 0 and β ≡ y32 mod (y3). Hence we may as-
sume α = 0, after replacing y1 by y1−α/2. Since wt((β− y32)/y3) ≡ 1
and wt y2 ≡ 2 mod (4), we see β ≡ y32 mod (y
2
3). Thus (4.2.1) holds
by c ∈ C∗. Then it is easy to check (cf. [Rei87, (4.10)])
Computation 4.3 (see [KM92, (2.11.2)]). Let
(E, P ) = (y1, y2, y3; y
2
3 − y
3
2 + y
2
3)/µ4(3, 2, 1; 2)
and C ⊂ E the locus of (t3, t2, 0). Then (E, P ) is D5 and ∆(E,C) is
as in 1.1.2.
Thus the proof of Theorem 1.1 is completed in Case (IIB). 
5. Case of (IA)+(IA)+(III)
5.1 (Cf. [KM92, (2.12)]). The configuration of singular points on
(X,C) is the following: a (IA) point P of odd index m ≥ 3 and a (IA)
point Q of index 2 and a (III) point R [MP08a, (9.1)]. We know that
m is odd [MP08a, (9.1)], sizP = 1 [MP08a, (8.5)], iP (1) = iQ(1) =
iR(1) = 1 [MP08a, (9.2.1)], and hence gr
1
C O ≃ O(−1)⊕ O(−1) from
the formula [Mor88, (2.3.4)]. It follows from [MP08a, (3.1.1), (9.2.1),
(2.8)] that
wP (0) = 1 + (KX · C)− wQ(0) = (m− 1)/2m
(because wQ(0) ∈
1
2
Z). We start with the set-up.
Lemma 5.2 ([KM92, (2.12.1)]). We can express
(X,P ) = (y1, y2, y3, y4;α)/µm(1,
m+1
2
,−1, 0; 0) ⊃ (C, P ) = y1-axis/µm,
(X,Q) = (z1, z2, z3, z4; β)/µ2(1, 1, 1, 0; 0) ⊃ (C,Q) = z1-axis/µ2,
(X,R) = (w1, w2, w3, w4; γ) ⊃ (C,R) = w1-axis,
using equations α, β and γ such that α ≡ y1y3 mod (y2, y3)
2 + (y4),
β ≡ z1z3 mod (z2, z3)2 + (z4) and γ ≡ w1w3 mod (w2, w3, w4)2.
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Proof. Express (X,P ) = (y1, y2, y3, y4;α)/µm(a1, a2,−a1, 0; 0) so that
C♯ is the locus of (ta1 , ta2 , 0, 0), where a1 and a2 are positive integers
such that gcd(a1a2, m) = 1. Since wP (0) = (m− 1)/2m, it holds that
a2 = (m + 1)/2 [Mor88, (4.9)(i)]. By sizP = 1 = U(a1a2), we have
a1a2 ≤ m and a1 = 1. We need only to replace y2 by y2 − y
(m+1)/2
1
to get the assertion for (X,P ). We can choose α so that α ≡ y1y3
because P is a cA point [Mor88, (B.1)(g)]. The rest is similar except
for β ≡ z1z3 and γ ≡ w1w3 which follow from iQ(1) = 1 and iR(1) = 1
and [Mor88, (2.16)]. 
We will improve the set-up in two steps.
Lemma 5.3 ([KM92, (2.12.2)]). The point P is ordinary, that is,
(X,P ) = (y1, y2, y3)/µm(1, (m+ 1)/2,−1) ⊃ (C, P ) = y1-axis/µm.
Proof. Suppose that P is not ordinary. We will derive a contradiction.
By our hypothesis, we may assume α ≡ y1y3 mod (y2, y3, y4)2. Apply
L-deformation at Q [KM92, (2.9.1)], see also Remark 2.4. If a general
member of the corresponding family is an extremal neighborhood, the
assertion follows from [KM92, (2.12.2)]. Thus we may assume that
Q is ordinary and hence β = z4 + z1z3 in our Q-conic bundle case.
Hence {y2, y4} and {z2, z3} are the ℓ-free ℓ-bases of gr1C O at P and Q,
respectively. By [KM92, (2.12.1)], we see
gr0C ω ≃
(
−1 + m−1
2
P ♯ +Q♯
)
and
gr0C(ω
∗) ≃
(
−1 + m+1
2
P ♯ +Q♯
)
.
Thus H0(ω∗) = H0(F 1C(ω
∗)). Let D = {y1 + h(y2, y3, y4) = 0}/µm
with general h such that wt h = wt y1. Then D ∈ | − 2KX | by
(D · C) = 1/m.
5.3.1. Now apply Corollary 2.2 with n = 2. We obtain ωD ≃
OD(−KX) which gives the correspondence of ℓ-bases
dy2 ∧ dy3
∂α/∂y4
∣∣∣∣
D♯
=
dy4 ∧ dy2
∂α/∂y3
∣∣∣∣
D♯
=
dy3 ∧ dy4
∂α/∂y2
∣∣∣∣
D♯
Res
←→
(unit)
Ω
,
and
g∗ωZ ⊂ ∧
2
OD
(
dym2 , dy
m
3 , dy4, dy2y
(m+1)/2
3 , dy
2
2y3
)
.
Hence,
g∗ωZ ⊂
∑
i,j=2,3,4 OD♯(y2, y3)
2dyi ∧ dyj
lRes∑
k=2,3,4 OD♯(y2, y3)
2(∂α/∂yk)Ω
−1.
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So we have the lifting modulo OD♯(y2, y3)
2(∂α/∂y2, ∂α/∂y3, ∂α/∂y4).
Therefore there exists s ∈ H0(F 1C(ω
∗)) inducing (y2+(y1+h)OX)/Ω ∈
OD(−KX), where
Ω =
dy1 ∧ dy2 ∧ dy3
∂α/∂y4
∣∣∣∣
D♯
.
5.3.2. Thus s induces a global section s of gr1C(ω
∗) ≃ gr1C O ⊗˜gr
0
C(ω
∗)
which is a part of ℓ-free ℓ-basis at P . Hence there is an exact sequence
0→ gr0C ω → gr
1
C O → gr
1
C O/ gr
0
C ω → 0.
It is split because gr0C ω ≃ O(−1) and gr
1
C O ≃ O(−1)⊕O(−1). Then
it is ℓ-split at Q because ℓ-bases of gr0C ω and gr
1
C O have all weights
≡ 1 mod (2). Hence gr1C O/ gr
0
C ω is an ℓ-invertible sheaf such that
qlC(gr
1
C O/ gr
0
C ω) = qlC(gr
1
C O)− qlC(gr
0
C ω) = −1 +Q
♯.
Applying [KM92, (2.6)] to qlC(gr
0
C ω) − qlC(gr
1
C O/ gr
0
C ω) =
m−1
2
P ♯,
we obtain an ℓ-splitting
(5.3.3) gr1C O ≃
(
−1 + m−1
2
P ♯ +Q♯
)
⊕˜ (−1 +Q♯).
We may further assume that y2, z2 and w2 (resp. y4, z3 and w4) are
the ℓ-free ℓ-bases of
(
−1 + m−1
2
P ♯ +Q♯
)
(resp. (−1 + Q♯)) at P , Q
and R, by making coordinates changes to the ones in [KM92, (2.12.1)].
Let J be the C-laminal ideal of width 2 such that J/F 2CO =(
−1 + m−1
2
P ♯ +Q♯
)
. Then {y2, y3, y
2
4} form an ℓ-basis of J at P . By
replacing y3 by an element of the form y3+y
2
4(· · · ) if necessary, we may
assume α ≡ y1y3+cy24 mod J
♯IC♯ for some c ∈ C. If c 6= 0 then I ⊃ J
is (1, 2, 2)-monomializable at P (see [Mor88, (8.9-8.10)]). If c = 0 we
may still assume that I ⊃ J is (1, 2, 2)-monomializable at P by de-
formation arguments [KM92, (2.9.2)] (see also Remark 2.4) because
Lemma 5.3 would follow from [KM92, (2.12.2)] if our (X,C) deformed
to an extremal neighborhood. In the same way, we may assume that
I ⊃ J is (1, 2, 2)-monomializable at R. At the ordinary point Q, I ⊃ J
is (1, 2)-monomializable. Thus there are ℓ-isomorphisms
gr1(O , J) ≃ (−1 +Q♯),
gr2,0(O , J) ≃
(
−1 + m−1
2
P ♯ +Q♯
)
,
gr2,1(O , J) ≃ gr1(O , J)⊗˜2 ⊗˜ (1 + P ♯) ≃ (P ♯),
gr3,0(O , J) ≃ gr2,0(O , J) ⊗˜ gr1(O , J) ≃
(
−1 + m−1
2
P ♯
)
,
gr3,1(O , J) ≃ gr2,1(O , J) ⊗˜ gr1(O , J) ≃ (−1 + P ♯ +Q♯)
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(cf. [Mor88, (8.6), (8.12)]) and the following:
gr1(ω, J) ≃ gr1(O , J) ⊗˜ gr0Cω ≃ (−1 +
m−1
2
P ♯),
gr2,0(ω, J) ≃ gr2,0(O , J) ⊗˜ gr0Cω ≃
(
−1 + (m− 1)P ♯
)
,
gr2,1(ω, J) ≃ gr2,1(O , J) ⊗˜ gr0Cω ≃
(
−1 + m+1
2
P ♯ +Q♯
)
,
gr3,0(ω, J) ≃ gr3,0(O , J) ⊗˜ gr0C ω ≃
(
−2 + (m− 1)P ♯ +Q♯
)
,
gr3,1(ω, J) ≃ gr3,1(O , J) ⊗˜ gr0C ω ≃
(
−1 + m+1
2
P ♯
)
,
by gr0Cω ≃ (−1 +
m−1
2
P ♯ +Q♯).
Hence there are an ℓ-isomorphism and ℓ-exact sequences
gr1(ω, J) ≃
(
−1 + m−1
2
P ♯
)
,
0→
(
−1 + m+1
2
P ♯ +Q♯
)
→ gr2(ω, J)→ (−1 + (m− 1)P ♯)→ 0,
0→
(
−1 + m+1
2
P ♯
)
→ gr3(ω, J)→ (−2 + (m− 1)P ♯ +Q♯)→ 0,
by [Mor88, (8.6)]. Now from the exact sequences
(5.3.4) 0→ grn(ω, J)→ ωX/F
n+1(ω, J)→ ωX/F
n(ω, J)→ 0
we obtain H1(ω/F 4(ω, J)) 6= 0 which is a contradiction. Then it
follows from [MP08a, (4.4)] that V := SpecX OX/F
4(O , J) ⊃ f−1(o).
Hence, 2 = (−KX · f
−1(o)) ≤ (−KX · V ). On the other hand, near
a general point S ∈ C, for a suitable choice of coordinates (x, y, z)
in (X,S), we may assume that F 1(O , J) = IC = (x, y), F
2(O , J) =
J = (x, y2), F 3(O , J) = ICJ + J = (x
2, xy, y3), F 4(O , J) = J2 =
(x2, xy2, y4). Hence,
2 ≤ (−KX · V ) =
1
2m
lengthS C{x, y}/(x
2, xy2, y4) = 6
2m
,
which is a contradiction. Lemma 5.3 is proved. 
Lemma 5.4 ([KM92, (2.12.3)]). The point Q is ordinary, that is,
(X,Q) = (z1, z2, z3)/µ2(1, 1, 1) ⊃ (C, P ) = z1-axis/µ2.
Proof. Assuming that Q is not ordinary whence β ≡ z1z3
mod (z2, z3, z4)
2, we will derive a contradiction. As in the proof of
Lemma 5.3, there is a split exact sequence
0→ gr0C ω → gr
1
C O → (gr
1
C O/ gr
0
C ω)→ 0
which is ℓ-split at P . Since ℓ-free ℓ-bases of gr0C ω (resp. gr
1
C O) at
Q have weights 1 (resp. 0, 1) mod (2), the above sequence is also
ℓ-split at Q. Thus there are ℓ-exact sequences
0→
(
−1 + m−1
2
P ♯ +Q♯
)
→ gr1C O → (−1 + P
♯)→ 0,
0→ (−1 + (m− 1)P ♯)→ gr1C ω →
(
−2 + m+1
2
P ♯ +Q♯
)
→ 0.
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Similarly to the argument at the end of Lemma 5.3 H1(ω/F 2Cω) 6= 0
and one has a contradiction by 2 ≤ 3/(2m). Lemma 5.4 is proved. 
5.5 ([KM92, (2.12.4)]). As in the argument for Lemma 5.3, there is
an ℓ-isomorphism
gr1C O ≃
(
−1 + m−1
2
P ♯ +Q♯
)
⊕˜
(
−1 + P ♯ +Q♯
)
.
Let J be the C-laminal ideal such that J/F 2CO =
(
−1 + m−1
2
P ♯ +Q♯
)
.
After an (equivariant) change of coordinates if necessary, we may
assume that (y2, z2, w2) (resp. (y3, z3, w4)) are ℓ-free ℓ-bases of(
−1 + m−1
2
P ♯ +Q♯
)
(resp. (−1 + P ♯ + Q♯)), whence J = (w2, w3, w24)
at R. Replacing w3 by an element ≡ w3 mod (w2, w4)
2 if necessary,
we may further assume
γ ≡ w1w3 + c1w
2
4 + c2w4w2 + c3w
2
2 mod (w3, w
2
2, w2w4, w
2
4) · IC
for some c1, c2, c3 ∈ C. We note γ ≡ w1w3 + c1w
2
4 mod J · IC .
Lemma 5.6 ([KM92, 2.12.5]). A general member EX of | −KX | has
singularities Am−1, A1 and An at P , Q and R, respectively and is
smooth elsewhere, and ∆(EX , C) is
◦
|
◦ − · · · − ◦︸ ︷︷ ︸
m−1
− • − ◦ − · · · − ◦︸ ︷︷ ︸
n
,
where n is some integer ≥ 1. We have n = 1 if c1 6= 0 when m ≥ 5 or
if (c1, c2, c3) 6= (0, 0, 0) when m = 3.
Proof. There is an ℓ-isomorphism gr1C(ω
∗) ≃ (0) ⊕˜ (−1+ m+3
2
P ♯). Let
D = {y1+h = 0}/µm ∈ |− 2KX| as before. We treat the case m ≥ 5.
Then gr1C ω
∗ ≃ OC ⊕ OC(−1) and H0(O(−KX)) = H0(gr2C(ω
∗, J)).
As in 5.3.1 one has H0(OX(−KX)) ։ ωD mod (y2, y3)
2ωD♯ . So a
general section s ∈ H0(O(−KX)) induces (y2 + · · · )/Ω, up to some
units whence induces a non-zero global section s of gr1C ω
∗. Hence s is
nowhere vanishing and the defining equations of EX = {s = 0} are y2,
z2 and w2 mod F
2
CO up to units at P , Q and R, respectively. Then
EX is smooth outside of P , Q and R, (EX , P ) ≃ (y1, y3)/µm(1,−1),
(EX , Q) ≃ (z1, z3)/µ2(1, 1) and (EX , R) ≃ (w1, w3, w4; γ), where
γ(w1, w3, w4) ≡ w1w3 + c1w24 mod (w3, w
2
4)(w3, w4). We are done in
case m ≥ 5. In case m = 3, we can see that gr1C ω
∗ ≃ (0) ⊕˜ (0) and
H0(O(−KX)) ։ H
0(gr1C ω
∗) and we get a similar assertion on EX
except that γ ≡ w1w3 + (c3t2 + c2t + c1)w24 for some general t ∈ C.
Thus we are done in case m = 3. 
Lemma 5.7 ([KM92, (2.12.6)]). If m ≥ 5, then c1 6= 0 and n = 1 in
Lemma 5.6. Thus the case 1.1.4 holds when m ≥ 5.
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Proof. Assume that m ≥ 5 and c1 = 0. By w1w3 ∈ J · IC , we have
w3 ∈ F 3(O , J) and gr2(O , J) = OCw2 ⊕ OCw24 at R. Thus there are
ℓ-isomorphisms (cf. the proof of Lemma 5.3)
gr1(O , J) = (−1 + P ♯ +Q♯),
gr2,0(O , J) =
(
−1 + m−1
2
P ♯ +Q♯
)
,
gr2,1(O , J) = gr1(O , J)⊗˜2 ≃ (−1 + 2P ♯).
Therefore,
gr1(ω, J) ≃
(
−1 + m+1
2
P ♯
)
,
0→
(
−2 + m+3
2
P ♯ +Q♯
)
→ gr2(ω, J)→ (−1 + (m− 1)P ♯)→ 0.
¿From the exact sequence
0→ gr2(ω, J)→ ωX/F
3(ω, J)→ ωX/F
2(ω, J)→ 0
we obtain H1(ω/F 3(ω, J)) 6= 0. Hence 2 ≤ 4/(2m) [MP08a, (4.4)], a
contradiction. 
Lemma 5.8 (cf. [KM92, (2.12.7)]). Assume m = 3. If (c1, c2, c3) 6= 0
(resp. = 0) then n = 1 (resp. = 2) in Lemma 5.6. Thus the case 1.1.4
holds when m = 3.
Proof. Assume that (c1, c2, c3) = 0. Then w3 ∈ F 3CO . Changing w1
and w3, we may further assume γ = w1w3 + δ(w2, w4), where δ is
a power series in w2 and w4 of order d ≥ 3. Then d = 3 because
2 · ldegC(−1 + P
♯ + Q♯) + 1/d ≥ 0 [KM92, (2.12.8)]. In the proof of
Lemma 5.6, it is easy to see n = d − 1 from gr1C(O) = (−1 + P
♯ +
Q♯) ⊕˜ (−1 + P ♯ +Q♯). 
Thus we end up with the case 1.1.4 for (IA)+(IA)+(III), and the
proof of Theorem 1.1 is completed for (IA)+(IA)+(III).
6. Case of (IA)+(IA)
6.1 (Cf. [KM92, (2.13)]). In this section, we consider the case
(IA)+(IA). Note that | − KX | has a Du Val member when both
indices are 3 or larger [MP08a]. Thus we can assume that the singular
locus of (X,C) consists of a (IA) point P of odd index m ≥ 3 and a
(IA) point Q of index 2 [MP08a]. We know that sizP = 1, by [MP08a,
(8.5)].
We start with the set-up. The following is very similar to Lemma
5.2.
13
Lemma 6.2 (cf. [KM92, (2.13.1)]). We can write
(X,P ) = (y1, y2, y3, y4;α)/µm(1,
m+1
2
,−1, 0; 0) ⊃ (C, P ) = y1-axis/µm,
(X,Q) = (z1, z2, z3, z4; β)/µ2(1, 1, 1, 0; 0) ⊃ (C,Q) = z1-axis/µ2,
using equations α and β such that α ≡ y1y3 mod (y2, y3)2 + (y4).
We recall ℓ(P ) = lengthP ♯
(
I♯
(2)
/I♯
2)
, where I♯ is the defining ideal
of C♯ in (X♯, P ♯) and ℓ(Q) is defined similarly.
Lemma 6.3 (cf. [KM92, (2.13.2)]). Either ℓ(P ) = 0 or 1, and iP (1) =
1.
Proof. This follows from α ≡ y1y3 and [Mor88, (2.16)]. 
Lemma 6.4 (cf. [KM92, (2.13.3)]). Either
Case 6.4.1 ([KM92, (2.13.3.1]). ℓ(Q) = 0 or 1 (in particular, the
point (X,Q) is of type cA/2), iQ(1) = 1, and gr
1
C O ≃ O ⊕O(−1), or
Case 6.4.2 ([KM92, (2.13.3.2]). ℓ(Q) = 2, iQ(1) = 2, gr
1
C O ≃
O(−1)⊕ O(−1), and P is ordinary:
(X,P ) = (y1, y2, y3)/µm
(
1, m+1
2
,−1
)
⊃ (C, P ) = y1-axis/µm.
Proof. The assertion on iQ(1) follows from the one on ℓ(Q) by iQ(1) =
[ℓ(Q)/2] + 1 [Mor88, (2.16)]. We assume ℓ(Q) ≥ 2 and denote it by
r. Thus we may choose β ≡ zr1zi mod (z2, z3, z4)
2, where i = 3 (resp.
4) if r ≡ 1 (resp. 0) mod (2). If we extend (see Remark 2.4) the
deformation β+tzr−21 zi = 0 of (X,Q) to a deformation (Xt, Ct) ∋ Qt of
(X,C) ∋ Q which is trivial outside of a small neighborhood of Q, then
Xt has two (IA) points and one (III) point on Ct and β+tz
r−2
1 zi = 0 is
the equation for (X♯t , Q
♯
t) (cf. [Mor88, (4.12.2)]). Hence Qt is ordinary,
that is, r = 2 by Lemma 5.4 or [KM92, (2.12)]. 
First we treat the special case 6.4.2.
Lemma 6.5 (cf. [KM92, (2.13.4)]). Assume that we are in the case
6.4.2. Then holds the case 1.1.3, that is, the case (IA)+(IA), and the
singular point Q is of type cA/2, cAx/2 or cD/2.
Proof. The argument is quite similar to the case (IA)+(IA)+(III) (Sec-
tion 5). As in the paragraph 5.5, there is an ℓ-isomorphism
gr1C O ≃
(
−1 + m−1
2
P ♯ +Q♯
)
⊕˜ (−1 + P ♯ +Q♯),
and let J be the C-laminal ideal such that
J/F 2CO =
(
−1 + m−1
2
P ♯ +Q♯
)
.
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We may assume that (y2, z2) (resp. (y3, z3)) are ℓ-free ℓ-bases of(
−1 + m−1
2
P ♯ +Q♯
)
(resp. (−1 + P ♯ +Q♯)), J ♯ = (z2, z4, z23) and
β ≡ z21z4 + c1z
2
3 + c2z2z3 + c3z
2
2 mod (z4, z
2
3 , z2z3, z
2
2) · IC
at Q for some c1, c2, c3 ∈ C. We note that β ≡ z21z4+ c1z
2
3 mod J
♯I♯.
The following Lemma 6.6 corresponds to Lemma 5.6. The fact that
(c1, c2, c3) 6= (0, 0, 0) and the assertion on the type of Q follows from
the classification of terminal 3-fold singularities [Rei87, (6.1)]. The
assertion that c1 6= 0 for the case m ≥ 5 is proved in the same way as
Lemma 5.7. Thus Lemma 6.5 is proved. 
Lemma 6.6 ([KM92, (2.13.5)]). Under the notation of the previous
proof, assume that c1 6= 0 when m ≥ 5, or (c1, c2, c3) 6= (0, 0, 0) when
m = 3. Then for a general member EX of | −KX |, ∆(EX , C) is
◦
|
◦ − · · · − ◦︸ ︷︷ ︸
m−1
− • −◦ − · · · − ◦︸ ︷︷ ︸
2k−3
− ◦ − ◦,
where k(≥ 2) is the axial multiplicity of (X,Q).
Proof. The only difference from Lemma 5.6 is the analysis of the
singularity (EX , Q) ≃ (z1, z3, z4; β)/µ2(1, 1, 0; 0), where β satisfies
β ≡ z21z4 + z
2
3 mod (z4, z
2
3)(z4, z3) and ord β(0, 0, z4) = k < ∞. It is
easy to see that β = z21z4+ z
2
3 + z
k
4 modulo formal µm-automorphisms
in (z1, z3, z4). Thus it is reduced to the following explicit computation
(cf. [Rei87, (4.10)]). 
Computation 6.7 ([KM92, (2.13.6)]). Let
(E,Q) = (z1, z3, z4; z
2
1z4 + z
2
3 + z
k
4 )/µ2(1, 1, 0; 0)
and C = z1-axis/µ2, where k ≥ 2. Then (E,Q) is D2k and ∆(E,C)
is
◦
|
• − ◦ − · · · − ◦︸ ︷︷ ︸
2k−3
− ◦ − ◦.
6.8 (Cf. [KM92, (2.13.7)]). In the rest of this chapter, we assume the
case 6.4.1 unless otherwise mentioned.
We choose an ℓ-splitting gr1C O ≃ L ⊕˜M as in [KM92, (2.8)] (see
[Mor88, 9.1.7]) such that degL = 0 and degM = −1, see (6.4.1).
Let J be the C-laminal ideal of width 2 such that J/F 2CO = L .
For an ℓ-invertible sheaf F with an ℓ-free ℓ-basis f at a point T of
index n, we can give an equivalent definition of qldeg(F, T ) ∈ [0, n) as
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qldeg(F, T ) ≡ −wt f mod (n). (This is because (C♯, P ♯) and (C♯, Q♯)
are smooth.)
Lemma 6.9 ([KM92, (2.13.8)]). qldeg(M , Q) = 1.
Proof. We assume qldeg(M , Q) = 0. Then M ≃ (−1+ iP ♯) for i = 0,
1 or (m − 1)/2 since y2, y3 and y4 generate gr1C O
♯ at P ♯. It follows
from qlC(gr
0
C ω) = −1 +
m−1
2
P ♯ +Q♯, that
gr1C ω ≃ gr
1
C O⊗˜ gr
0
C ω ≃ L ⊗˜ gr
0
C ω ⊕˜
(
−2 +
(
m−1
2
+ i
)
P ♯ +Q♯
)
.
Since (m− 1)/2 + i ≤ m − 1 < m, we have H1(gr1C ω) 6= 0. This is a
contradiction to H1(ω/F 2Cω) = 0 because of H
1(gr0C ω) = 0. Indeed,
otherwise by [MP08a, (4.4)] we have f−1(o) ⊂ SpecOX/F 2CO and
2 ≤ 3/(2m), which is a contradiction. 
Remark 6.10 ([KM92, (2.13.8.1)]). For comparison with [Mor88,
(9)], it might be worthwhile to mention1
qldeg(M , Q) = 1 iff ℓ(Q) + qldeg(L , Q) = 1,
qldeg(M , P ) = m−1
2
iff ℓ(P ) + qldeg(L , P ) = 1.
Lemma 6.11 (Corresponds to but different from [KM92, (2.13.9)]).
qldeg(M , P ) 6= (m− 1)/2
Proof. We assume qldeg(M , P ) = (m − 1)/2 to the contrary. There
is an ℓ-isomorphism M ≃ gr0C ω. We may assume that y2 is an ℓ-
free ℓ-basis of M at P . Let D = {y1 = 0}/µm. It is easy to see
D ∈ |− 2KX | by (D ·C) = 1/m. By H0(O(−KX)) = H0(F 1C(ω
∗)), its
general section s induces a section s of gr1C ω
∗ ≃ L ⊗˜(gr0C ω)
⊗˜(−1)⊕˜(0).
Similar to arguments in 5.3.1 one can see that the projection of s to
(0) is non-zero because y2/Ω is an ℓ-free ℓ-basis of (0) at P and s
induces an element of the form y2/Ω + · · · up to units, where Ω is
an ℓ-free ℓ-basis of gr0C ω at P . Thus s is nowhere vanishing, whence
EX = {s = 0} is smooth outside of P and Q. The analysis of (EX , P )
and (EX , Q) is the same as [Mor88, (9.9.3)]. Hence (EZ , o
′) has a
configuration:
◦ − · · · − ◦ − • − ◦ − · · · − ◦.
The difference from [KM92] is that this implies that X is of index 2
by [MP08a, (11.2)] in our Q-conic bundle germ case where the base is
smooth. Since the index m of P is odd and > 1, this is a contradiction
and we are done. 
1q(−) in [KM92, 2,(13.8.1)] was qldeg(L ,−).
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Lemma 6.12 ([KM92, (2.13.10)]). The point P is ordinary and m ≥
5. After changing coordinates, we may assume
(X,P ) = (y1, y2, y3)/µm(1, (m+ 1)/2,−1) ⊃ (C, P ) = y1-axis/µm,
(X,Q) = (z1, z2, z3, z4; β)/µ2(1, 1, 1, 0; 0) ⊃ (C,Q) = z1-axis/µ2;
y2 and y3 are ℓ-free ℓ-bases of L and M at P respectively; z3 (resp.
z4) and z2 are ℓ-free ℓ-bases of L and M at Q respectively,
(6.12.1)
L = (m−1
2
P ♯ +Q♯) (resp. L = (m−1
2
P ♯)),
M = (−1 + P ♯ +Q♯),
I ⊃ J has a (1, 2)-monomializing ℓ-basis (y3, y2) at P , I ⊃
J has a (1, 2)-monomializing ℓ-basis (z2, z3) (resp. a (1, 2, 2)-
monomializing ℓ-basis (z2,z4, z3)) at Q, β = z4 (resp. β ≡ z1z3 + z22
mod (z22 , z3, z4)(z2, z3, z4)) if k = 1 (resp. k ≥ 2), where k is the axial
multiplicity of Q. Furthermore, there is an ℓ-splitting
(6.12.2) gr2(O , J) ≃
(
2P ♯
)
⊕˜
(
−1 + m−1
2
P ♯ +Q♯
)
.
Proof. Proof will be given in a few steps. First by Lemma 6.11 we
have qldeg(M , P ) 6= (m− 1)/2.
Step 6.12.3 ([KM92, (2.13.10.1)]). Claim: P is ordinary.
Assuming that P is not ordinary, we will derive a contradiction. We
may assume α ≡ y1y3 mod (y2, y3, y4)
2 by Lemma 6.2. Thus y2 and
y4 form an ℓ-free ℓ-basis of gr
1
C O at P , and we may assume that they
are ℓ-free ℓ-bases of L and M , respectively because qldeg(M , P ) 6=
(m−1)/2. Hence M ≃ (−1+Q♯). By the deformation α+ty24 [KM92,
(2.9.2)], see also Remark 2.4, we may assume that I ⊃ J has a (1, 2, 2)-
monomializing ℓ-basis (y4, y2, y3) at P . We may further assume that
Q is an ordinary point by [KM92, (2.9.2)]. Hence L ≃ (m−1
2
P ♯ +Q♯)
and gr2,1(O , J) ≃ M ⊗˜2 ⊗˜ (P ♯) ≃ (−1 + P ♯). Therefore, by [Mor88,
(8.12)(ii)]
gr1(ω, J) ≃ M ⊗˜ gr0C ω ≃ (−1 +
m−1
2
P ♯),
gr2,0(ω, J) ≃ L ⊗˜ gr0C ω ≃ ((m− 1)P
♯),
gr2,1(ω, J) ≃ gr2,1(O , J) ⊗˜ gr0C ω ≃ (−2 +
m+1
2
P ♯ +Q♯),
gr3,0(ω, J) ≃ gr2,0(ω, J) ⊗˜M ≃ (−1 + (m− 1)P ♯ +Q♯),
gr3,1(ω, J) ≃ gr2,1(ω, J) ⊗˜M ≃ (−2 + m+1
2
P ♯).
Hence, H i(gr1(ω, J)) = 0, i = 1, 2. ¿From the exact sequences
0→ grn,1(ω, J)→ grn(ω, J)→ grn,0(ω, J)→ 0, n = 2, 3
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we obtain H1(gr2(ω, J)) = H1(gr3(ω, J)) = C. Finally, from the
exact sequences (5.3.4) follows H i(ω/F 2(ω, J)) = 0, i = 1, 2,
H1(ω/F 3(ω, J)) = C, and H1(ω/F 4(ω, J)) 6= 0. By [MP08a, The-
orem (4.4)] we have V := SpecX OX/F
4(O , J) ⊃ f−1(o). Hence
2 = (−KX · f−1(o)) ≤ (−KX · V ) = 6/(2m), a contradiction. Thus P
is ordinary as claimed.
Step 6.12.4 ([KM92, (2.13.10.2)]). Claim: m ≥ 5.
Assume that m = 3. Then qldeg(M , P ) = 1 because
qldeg(M , P ) ≡ −wt y3 ≡ 1. This contradicts the original assumption
that qldeg(M , P ) 6= (m− 1)/2 = 1. Thus m ≥ 5 as claimed.
Step 6.12.5 ([KM92, (2.13.10.3)]). Since gr1C O has an ℓ-free ℓ-basis
{y2, y3} at P , the assertions on ℓ-bases of L and M at P follow.
Therefore (y3, y2) is a (1, 2)-monomializing ℓ-basis for I ⊃ J at P
because I♯ = (y3, y2) and J
♯ = (y23, y2) at P .
Since gr1C O has an ℓ-free ℓ-basis {z2, z3} (resp. {z2, z4}) at Q if
k = 1 (resp. k ≥ 2), the assertions on ℓ-bases of L and M at
Q follow from qldeg(M , Q) = 1 (see Remark 6.10) possibly after a
change of coordinates. Thus (6.12.1) is settled.
Assume k = 1. Then Q is ordinary, I♯ = (z2, z3), and J
♯ = (z22 , z3)
at Q, whence (z3, z2) is a (1, 2)-monomializing ℓ-basis. In particular,
gr2,1(O , J) ≃ M ⊗˜2.
Thus we only have to show that (z2, z4, z3) is a (1, 2, 2)-
monomializing ℓ-basis of I ⊃ J assuming k ≥ 2. Hence J ♯ =
(z22 , z3, z4) and β ≡ z1z3 + cz
2
2 mod J
♯I♯ for some c ∈ C. If c = 0,
then z3 ∈ F 3(O , J) and gr2,1(O , J) ≃ M ⊗˜2, whence
gr2,0(ω, J) ≃ L ⊗˜ gr0C ω ≃ (−1 + (m− 1)P
♯ +Q♯),
gr2,1(ω, J) ≃ M ⊗˜2 ⊗˜ gr0C ω ≃ (−2 +
m+3
2
P ♯ +Q♯).
As in the Step 6.12.3 we get H1(ω/F 3(ω, J)) 6= 0 which implies a
contradiction. Thus c 6= 0 and the assertion on ℓ-basis is proved. In
particular, the assertion on β follows. So if k ≥ 2, then c 6= 0 and z3
is an ℓ-free ℓ-basis of gr2,1(O , J) and gr2,1(O , J) ≃ M ⊗˜2 ⊗˜ (Q♯).
Step 6.12.6 ([KM92, (2.13.10.4)]). Hence by (6.12.1), there are two
cases:
L =
{(
m−1
2
P ♯ +Q♯
)(
m−1
2
P ♯
) gr2,1(O , J) = { (−1 + 2P ♯) if k = 1,
(−1 + 2P ♯ +Q♯) if k ≥ 2,
Thus from the exact sequence
0→ gr2,1(O , J)→ gr2(O , J)→ L → 0,
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we have gr2(O , J) ≃ OC ⊕ OC(−1) as OC-modules and one of the
following holds [KM92, (2.8)]:
gr2(O , J) =


(
m−1
2
P ♯ +Q♯
)
⊕˜
(
−1 + 2P ♯
)
(∗1)(
2P ♯ +Q♯
)
⊕˜
(
−1 + m−1
2
P ♯
)
(∗2)(
m−1
2
P ♯
)
⊕˜
(
−1 + 2P ♯ +Q♯
)
(∗3)(
2P ♯
)
⊕˜
(
−1 + m−1
2
P ♯ +Q♯
)
(∗4)
Note also that gr0C ω = (−1+
m−1
2
P ♯+Q♯). To determine the ℓ-splitting
of gr2(O , J), it is enough to disprove the ℓ-isomorphisms (∗1), (∗2), (∗3)
when m ≥ 7, and (∗1), (∗2) when m = 5. Then
gr2(ω, J) =


(
(m− 1)P ♯
)
⊕˜ (−2 + m+3
2
P ♯ +Q♯) (∗1)(
m+3
2
P ♯
)
⊕˜ (−2 + (m− 1)P ♯ +Q♯) (∗2)
(−1 + (m− 1)P ♯ +Q♯) ⊕˜ (−1 + m+3
2
P ♯) (∗3)
Since gr1(ω, J) = gr1(O , J) ⊗˜ ω =
(
−1 + m+1
2
P ♯
)
, H i(gr1(ω, J)) = 0
for i = 0, 1.
In the first two cases (∗1) and (∗2) one has H1(gr2(ω, J)) 6= 0.
As in the Step 6.12.3 we get H1(ω/F 3(ω, J)) 6= 0 which implies a
contradiction. In the case (∗3), one has H i(gr2(ω, J)) = 0 for i = 0,
1, and a computation similar to one in the Step 6.12.3 shows
gr3(ω, J) ≃ gr2(ω, J) ⊗˜M ≃ (0) ⊕˜
(
−2 + m+5
2
P ♯ +Q♯
)
.
Ifm ≥ 7, again as in the Step 6.12.3 we get H1(ω/F 4(ω, J)) 6= 0 which
implies a contradiction. Thus (6.12.2) holds.

Lemma 6.13 ([KM92, (2.13.11)]). We use the notation and assump-
tions of Lemma 6.12. Then H0(O(−KX)) = H0(F 2(ω∗, J)) and a
general section s of H0(O(−KX)) induces a section s of gr2(ω∗, J)
such that
6.13.1 ([KM92, (2.13.11.1)]). s generates L ⊗˜ gr0C ω
∗ ⊂ gr1C ω
∗ at P ,
and
6.13.2 ([KM92, (2.13.11.2)]). if m ≥ 7 then s is a global generator of
(0) in the ℓ-splitting of (6.12.2)
gr2(ω∗, J) ≃ (0) ⊕˜
(
−1 + m+5
2
P ♯ +Q♯
)
.
If m = 5, the same assertion holds possibly after changing the ℓ-
splitting of gr2(ω∗, J).
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Proof. We see H0(O(−KX)) = H0(F 2(ω∗, J)) by H0(gr0(ω∗, J)) =
H0(gr1(ω∗, J)) = 0 (see Lemma 6.12). Let D = {y1 = 0}/µm ∈
| − 2KX | and let Ω be an ℓ-free ℓ-basis of gr
0 ω at P . As in 5.3.1 by
Corollary 2.2, y2/Ω ∈ OD(−KX) lifts modulo OD♯(y2, y3)
2dy2 ∧ dy3 to
a section of H0(F 2(ω∗, J)). Since y2 is a part of an ℓ-free ℓ-basis of
gr2(O , J), we see that s is non-zero. If m ≥ 7, then s must generate
(0) because H0(C, (−1+ m+5
2
P ♯+Q♯)) = 0. If m = 5, we see as above
H0(O(−KX))։ gr
2(ω∗, J)⊗ C(P )
using y23/Ω ∈ OD(−KX). Then general s satisfies s /∈ H
0(C, (Q♯)) in
the ℓ-splitting of gr2(ω∗, J) and we have the same conclusion. 
Lemma 6.14 ([KM92, (2.13.12)]). We assume the notation and as-
sumptions of Lemma 6.12. In particular, we assume m ≥ 5. Then the
case 1.1.3 holds.
Proof. Let s ∈ H0(O(−KX)) be a general section. Ifm = 5, we change
the ℓ-splitting of gr2(O , J) for which Lemma 6.13 holds. Depending
on the value of k, we treat two cases.
Case 6.14.1 (k = 1, [KM92, (2.13.12.1)]). We claim that the image
of s in gr1C ω
∗ generates L ⊗˜ gr0C ω
∗ ≃ (1) (⊂ gr1C ω
∗) at P and Q and
vanishes at some point R ( 6= P,Q). Indeed, the generation at P is
proved in Lemma 6.13. If s does not generate L ⊗˜gr0C ω
∗ = gr2,0(ω∗, J)
at Q, s is not a part of an ℓ-free ℓ-basis of gr2,0(ω∗, J) at Q because
qldeg(gr2,1(ω∗, J), Q) = qldeg
(
M ⊗˜2 ⊗˜ gr0C ω
∗, Q
)
= 1 6= 0.
This contradicts Lemma 6.13 and our claim is proved.
Then it is easy to see that EX = {s = 0} ∈ | − KX | is smooth
outside of P,Q and R. Moreover, (EX , P ) ≃ (y1, y3)/µm(1,−1) and
(EX , Q) ≃ (z1, z2)/µ2(1, 1). We choose coordinates at R so that
(X,R) = (w1, w2, w3) ⊃ (C,R) = w1-axis, and J = (w2, w23) at R. Us-
ing a generator Ω of O(KX) at R, we see Ωs ≡ uw1w2 mod (w2, w3)2
for some unit u because s vanishes at R to order 1. Since Ωs is a part
of a free basis of gr2(O , J) at R, we have
Ωs ≡ uw1w2 + vw
2
3 mod (w2, w
2
3)(w2, w3)
for some unit v. Thus (EX , Q) is an A1 point and we are done in case
k = 1.
Case 6.14.2 (k ≥ 2, [KM92, (2.13.12.2)]). We see that the image
of s in gr1C ω
∗ generates L ⊗˜ gr0C ω
∗ ≃ (Q♯) outside of Q by Lemma
6.13. Then EX = {s = 0} ∈ | − KX | is smooth outside of P and
Q, (EX , P ) ≃ (y1, y3)/µm(1,−1). Using an ℓ-free ℓ-basis Ω of O(KX)
at Q, we see the image of s in gr1C ω
∗ is uz1z4/Ω at Q, where u is
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a unit. Since s is a part of an ℓ-free ℓ-basis of gr2(ω∗, J) at Q, we
have Ωs ≡ uz1z4 + vz3 mod J ♯I♯ at Q for some unit v. Eliminating
z3, we see (EX , Q) ≃ (z1, z2, z4; β)/µ2(1, 1, 0; 0), where β satisfies β ≡
z21z4 + z
2
2 mod (z
2
2 , z4)(z2, z4) and ordβ(0, 0, z4) = k. Then we can
apply Computation 6.7.

Remark 6.15. We note that the case 1.1.3 ([KM92, (2.2.3)], [Mor07])
comes out of two sources: Lemma 6.5 where k ≥ 2, m ≥ 3 and Q is
of type cA/2, cAx/2 or cD/2, and Lemma 6.12 where m ≥ 5 and Q
is of type cA/2.
We note that Lemma 6.5 assumes the case 6.4.2, where (X♯, Q♯) is
not smooth by ℓ(Q) > 0 and hence the axial multiplicity k ≥ 2.
Thus the proof of Theorem 1.1 is completed in the case (IA)+(IA).
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